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Abstract 

The main purpose is to generalize a theorem of Arendt about uniqueness of Cq- 



> 
O 

■ semigroups from Banach space setting to the general locally convex vector spaces, 



more precisely, we show that cores are the only domains of uniqueness for Co- 
semigroups on locally convex spaces. As an application, we find a necessary 
and sufficient condition for that the mass transport equation has one unique 
L l (M. d ,dx) weak solution. 
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1 Framework and main result 

The theory of Co-semigroups of linear operators in Banach spaces was extended by 
Schwartz |Sch' 58], Miyadera |Mi'59j . Yosida [Yo'71] . Komatsu |Ko'64j . Komura 
|K5'68] and others to the case of equicontinuous Co-semigroups of linear operators in 
locally convex spaces. Let {X,/3) be a locally convex Hausdorff space. Recall that a 
family {T(t)} t>0 of linear continuous operators on X is called a Co-semigroup on X if 
the following properties holds: 



(iv) there exist a number w 6 i such that the family {z~ ut T {t)} t>0 is equicontinuous. 
Furthermore we say that {T(t)} t>0 is an equicontinuous C -semigroup if u = in (iv). 
The equicontinuity must be considered in the sense of seminorms: a family T of linear 
operators on X is said to be equicontinuous if for each continuous seminorm p on A 1 , 
there is a continuous seminorm q on X such that 



The infinitesimal generator of Co-semigroup {T(t)} t>0 is a linear operator C defined 
on the domain 



(i) T(0) = /; 

(ii) T(t + s) = T{t)T(s), for all t, s > 0; 
(hi) \im t \flT(t)x = x, for all x € X; 



p(Tx) < q(x) 



VT e T and Vx e X. 
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by 



Cx = lim 



T(t)x — x 
t 



Wx e £>(£). 



If the locally convex Hausdorff space (X,f3) is assumed to be sequentially complete, 
then: 

(i) £ is a densely defined and closed operator; 

(ii) the resolvent R(X; C) = (XI — for any A G p(C) (the resolvent set of C) is 
well defined, continuous on X and satisfies the equality 



pre- generator ; if there exists some Co-semigroup on X such that its generator C extends 
A. We say that A is an essential generator in X (or A^-unique), if A is closable and 
its closure A with respect to (3 is the generator of some Co-semigroup on X. 
In general, for a Co-semigroup {T(t)} t>0 on (X,(3), its adjoint semigroup {T*(t)} t>0 is 
no longer strongly continuous on the dual topological space y of (X,/3) with respect 
to the strong topology (3(y,X) of y. In |WZ'06t p. 563] Zhang and the second 
named author introduced a new topology on y for which the usual semigroups in 
the literature becomes Co-semigroups. That is the topology of uniform convergence 
on compact subsets of (X,f3), denoted by C(y,X). If moreover, (X,/3) is assumed to 
be quasi-complete (i.e., the bounded and closed subsets of (X,f3) are complete) then 
(y,C(y,X))* = (X,j3) and if {7Xi)h> ^ s a C -semigroup on (X,j3) with generator C, 
then {T*(t)} t>0 is a C -semigroup on (y, C(y, X)) with generator C* . 
The main purpose of this paper is to furnish a proof for the difficult implication of 
a theorem of Wu and Zhang [WZ'06, Theorem 2.1, p. 570] concerning uniqueness 



oo 









Let A : X 



X be a linear operator with domain T> dense in X . A ys, said to be a 
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of pre-generators on locally convex spaces (first time formulated in |Wu'98t Remarks 
(2.v), p. 292]). 

Theorem 1.1. Let (X,j3) be a locally convex Hausdorff sequentially complete space 
and A a linear operator on X with domain T> (the test-function space) which is as- 
sumed to be dense in (X,j3). Assume that there is a Co-semigroup {T(t)} t>0 on (X,j3) 
such that its generator £ is an extension of A (i.e., A is a pre-generator in (X,/3)). 
The following assertions are equivalents: 

(i) A is a X-essential generator (or X -unique) ; 

(ii) the closure of A in (X,j3) is exactly C (i.e., V is a core for C); 

(Hi) A* = C* which is the generator of the dual Cq- semigroup {T*(t)} t>0 on (y,C(y, X)); 

(iv) for some X > u (u) G R is the constant in definition of Cq- semigroup {T(t)} t>0 ), 
the range (XI — A)(V) is dense in (X,j3); 

(v) (Liouville property) for some X > to, JCer (XI — A*) = {0} (i.e., if y G V(A*) 
satisfies (XI — A*)y = 0, then y = 0); 

(vi) (uniqueness of solutions for the resolvent equation) for all X > uj and all y G y , 
the resolvent equation of A* 

(XI-A*)z = y 
has the unique solution z = ((XI — C)~ l )*y = (XI — £*)~ 1 y; 

(vii) (uniqueness of strong solutions for the Cauchy problem) for each x G T> (A), 
there is a (X , (3)-unique strong solution v(t) = T(t)x of the Cauchy problem (or the 
Kolmogorov backward equation) 

d t v(t) = Av(t) 
v(0) = x 

i.e., 1 1— > v(t) is differentiable from R. + to (X , (3) and its derivative d t v(t) coincides with 
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Avit); 

(viii) (uniqueness of weak solutions for the dual Cauchy problem) for every y G y, the 
dual Cauchy problem (or the Kolmogorov forward equation) 

d t u{t) = A*u(t) 
u(0) = y 

has a (y ,C(y, X)) -unique weak solution u(t) = T*(t)y. More precisely, there is a 
unique function IR + 3 t i — ► u(t) = T*(t)y which is continuous from M + to (y, C(y, X)) 
such that 

t 

(x,u(t)—y)— (Ax,u(s))ds , Vx G D; 



o 



(ix) there is only one C -semigroup on X such that its generator extends A. 

Many equivalence relations above, especially the equivalence between (i), (vii), (viii) 
and (ix), are fundemental and well studied in the Banach space setting, see Arendt 
[Ar'86] , Eberle [Ebl97j, Djellout |Dj'97| and the second named author [Wu'98] 



and [Wu'99j, etc. In the local convex space framework, the equivalences between (i)- 
(viii) are proved in Zhang and the second named author [WZ!06j. 
The main purpose of this paper is to prove the equivalence between (i) and (ix). This 
equivalence in the Banach space setting is the well known Arendt theorem. The im- 
plication (i)=^(ix) is immediate. Indeed, if A is an essential generator in X and if we 
suppose that £ and £ are generators of some Co-semigroups which extends A, then 
by equivalence of (i)-v4>(ii), we have £ = A = C . It follows that there is only one 
Co-semigroup on X such that its generator extends A. 

The sufficiency of (ix) is difficult. We shall follow the strategy of Arendt in the Ba- 
nach space setting, but several basic ingredients require much more difficult proofs in 
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the actual locally convex vector space setting. The main idea for overcoming those 
difficulties is to use the notion of calibration and to choose a "good" calibration. 

This paper is organized as follows. In the next section we show that cores are the 
only domains of uniqueness for Co-semigroups on locally convex spaces and we prove 
the sufficiency of (ix) in Theorem ll.il Finally is presented the /^-uniqueness for weak 
solution of mass transport equation. 

2 Domains of uniqueness 

Recall at first several well known facts for calibration. A calibration for a locally convex 
space (X,/3) is a family T of continuous seminorms which induces the topology j3 of 
X. Such a family of seminorms was used by Fattorini |Fa'68| . Moore jMo!69], 
Chilana jCh'TOj . Choe |Ch'85j and others. 
Let j)6T. A linear operator T on X is said to be p- continuous if 

p(T) := sup p(Tx) < oo 

p(x)<l 

and is said to be T-continuous if it is p-continuous for every p e T. We say that T is 
r -bounded if 

||T||r := supp(T) < oo . 
per 

If ||^||r < 1, then we say that T is a T- contraction. 

The following result obtained by Moore [Mo'691 Theorem 4, p. 70], give a very nice 
characterisation of equicontinuous semigroups. 

Lemma 2.1. A semigroup T of linear operators on X is equicontinuous if and only if 
there is a calibration T for X such that J 7 is a semigroup of T- contraction. 
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Finally, the following perturbation result of Choe [Ch'85, Corollary 5.4, p. 312], 
plays a key role in the proof of our next theorem. 

Lemma 2.2. Let V be a calibration for a locally convex space (X,(3). If A is the 
generator of a Co-semigroup on X and B is a V -bounded linear operator on X , then 
A + B is the generator of a Co-semigroup on X . 

We turn now to the job. We begin with the following theorem which is well known 
in the Banach space setting (see |Ar'86| Theorem 1.33, p. 46]). 

Theorem 2.3. Let (X,(3) be a locally convex H aus dor ff sequentially complete space, 
{T(t)} t>0 a Co-semigroup on X with generator £ andV a subspace ofV(C). Consider 
the restriction A of £ to V . IfVis not a core of £, then there exists an infinite number 
of extensions of A which are generators. 

Proof. Step 1. Endow T>(£) with the graph topology (3c of £ induced by the 
/3-topology. If in contrary T> is not a core of £, then T> is not dense in T>(£) with 
respect to the graph topology (3c- By Hahn-Banach theorem there exist some non-zero 
linear functional continuous on T>(£) with respect to the graph topology (3c such 
that 4>(x) = for all igD. Fix some u G T>(£), m ^ 0, we consider the linear operator 

C : V{£) — ► V{£) 

Cx = <j){x)u , Vx G £>(£). 

Then C is /^-continuous (i.e. continuous with respect to the graph topology (3c) on 
T>(£). Notice that C is /^-continuous iff for some (or all) Ao G p(£) 

C := {\ I - £)CR{\ ;£) 
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is /3-continuous on X. 

Let = CR(X ; £). Since for all x G X we have 

Ox = CR(X ; C)x = <p (R(X ; C)x) u 
Q 2 x = G(Gx) = (R(X ; C)Gx) u = <j) (R(X ; C)<f> (R(X ; C)x) u)u = 

and successively 

Q n x = (j) (R(X ; C)x) (j) n - 1 (R(X ; C)u) u 
for all n G N*. One can take u G T>(£), such that 

\<P(R(X ;C)u)\<l. 

Therefore the linear operator U = I — CR(X ; C) is invertible and both U and Z7 _1 , 

OO 

U-'x = J2& n x = x + <j ) (R(X 0] C)x) u 

are /3-continuous on X. Moreover, as in the proof of |Ar'86t Theorem 1.31, p. 45], we 
have 

u (c + 6} u- 1 = u(c-x i + x i + 6} u- 1 = 

= U [C - X I + c) U- 1 + XqI = 

= U(C-X I + (X I - C) CR(X ; £)) t/" 1 + A / = 

= U(C-X I)(I-CR{X ]C))U- 1 + X I = 

= £7(£-Ao/)+Ao/ = 

= [I-CR(Xo;£)](£-XoI) + XoI = 

= C-XqI + C + A J = C + C . 



Now we have only to prove that C + C is the generator of some Co-semigroup on (X, (5). 
Step 2. To apply Lemma |2~21 of Choe, we have to find a good calibration, which is the 
main difficult point. Since {T(t)} t>0 is a Co-semigroup on X, there exists a number 



to G K. such that {e w *T(t)} t>0 is equicontinuous. According to Lemma [2.1[ there is a 
calibration V for (X, 0) such that 



e-^T(t)\\ r < 1 



Vt > 0. 



For each pGfwe define 



= sup [p {e+*T(t)x) + |0 (i?(A ; C)e- ut T(t)x) |] , Va; G 



t>o 



As p > p and p is continuous, the family F = {p \ p G T} is another calibration of 
(X,/3), which will be our calibration. We consider now the T-norm 



C 



sup sup p I Cx 

pet P(x)<i ^ 



and we prove that C is f-bounded, i.e. 



C 



< oo . 



Let x G X. Then we have 

Cx = (X I - C) CR(X ; C)x = (A / - C) <j) (R(X ; C)x) u 
= (R(Xq; C)x) (X I -C)u = (j) {R{\ ; C)x) v 

where we denote (X I — C)u = v. Therefore 



p(Cx) = p(<j ) (R(X ;C)x)v) = \<f ) (R(Xo;C)x)\p(v) 
< \p(x) + \4> (R(Xo] C)x) |] p(v) < p(x)p(v) 



Consequently 

sup p(Cx) < sup p(x)p(v) < p(v) 

p(x)<l ^ ' p(x)<l 



Then 



C 



r 



< p(v), i.e. C is f -bounded. So by Lemma [2721 C + C generate a Co- 
semigroup < | . Consequently 

S{t) = US(t)U- 1 

is a Co-semigroup whose generator is £ + C and £ + C/x> = £>/v- As the choice of u 
above is infinite, we have proved the result. ■ 

Proof of Theorem 11.11 (ix)=^>(i) Suppose that there is only one Co-semigroup on X 
such that its generator extends A. By the Theorem 12.31 it follows that T> is a core of 



C. Therefore C/v = £■ But A = C/t>, we conclude that A is a rY-unique. ■ 

Remarque 2.4. If A is a second order elliptic differential operator with T> = C 3O (-D), 
then the weak solutions for the dual Cauchy problem in the Theorem 11.11 (viii) cor- 
respond exactly to those in the distribution sense in the theory of partial differential 
equations and the dual Cauchy problem becomes the Fokker-Planck equation for heat 
diffusion. We must remarks the important equivalences between the Af-uniqueness of 
the linear operator A, the A'-uniqueness of strong solutions for the Cauchy problem 
and the ^-uniqueness of weak solutions for the dual Cauchy problem associated with 
A. 
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3 L\R d ,dx) -uniqueness of weak solutions for the mass 
transport equation 

Consider the operator 

Af = bVf , \/feC™(R d ) 

where the vector field b : R. d — > M. d is locally Lipschitz. Let d be the point at infinity 
of R d . Consider the ordinary differential equation (ODE) 

dX t = b(X t )dt 
X(0) =x 

For every x G R d , there is a unique solution (X t (x)) < t<Te , where 

r e = inf {t > | X t = 0} 
is the explosion time. Then the family {Pt} t>0 , where 

P t f(x) = f(X t (x))l [t<Te] 

is a Co-semigroup on L°° (R d , dx) with respect to the topology C (L°°, L 1 ) and 

t 

f(X t ) - f(X ) = J bVf(X s )ds , V/ G C °°(M d ). 
o 

Therefore / belongs to the domain of the generator C(oo) of Co-semigroup {P t } t>0 on 
L°° (R d , dx) and 

C (oo) f = Af = bVf . 

Consequently (A,C^(R d )) is a pre-generator on (R d ,dx) ^(L 00 ,^ 1 )). So we 
can study the (R d , dx) , C (L°°, L 1 )) -uniqueness of the operator (A, C^(R d )) . 
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Consider at first the one-dimensional operator 

Af = bf , V/eC °°(K) 

where b is a locally Lipschitz continuous function on R such that b(x) > 0, for all x G R. 
Let A* : V (A*) C L^R, tfa) -> L 1 (R, tte) the adjoint operator of „4 and /i G L X (R, tfa) 
such that heV(A*) and 

„4*/i = Xh . 
Then ft, solve the ODE in the distribution sense 

-{bh)' = Xh . 

Then bh is absolutely continuous where it follows that h is absolutely continuous in 
the set {i6l| b(x) ^ 0}. 

Theorem 3.1. Assume that b is locally Lipschitzian and b(x) > over R. Then 
(A, C °°(R)) is (R, dx) , C (L°°, L r ))-umque if and only if 

o 

/——dx = oo . 
b(x) 

— oo 

Proof. As shown before (A, C£°(R)) is a pre-generator on (R, dx) , C (L°°, L 1 )). 
Sufficiency. Suppose in contrary that (A,C^(R)) is not (R, dx) , C (L°°, L 1 ))- 
unique. Then there is a function h G L 1 (R, ofe), h ^ such that 

(J - .A*) /i = 

in the sense of distributions. Thus we may assume that h is itself absolutely continuous 
and solves the ODE 

-(bh)' = h . 
12 



Then 



we find 



h = i — h , 



h(x) = h(0)e o 6(s) =h (o)^p-e i b{s) . 

b(x) 

Because h ^ 0, we have h(0) ^ 0. Then 

J |/i(x)|tfa;=|/i(0)||6(0)| J ^e'Z^dx 

E E 

and for 

/• 1 

ii.(>r\ = I ——ds 

b(s) 







u(— oo) = — oo, we obtain 

u(oo) 

J \h(x)\dx = \h(0)\\b(0)\ J e~ u du = 



oo 

u(— oo) 



which is in contradiction with the assumption that h G dx). 
Necessity. If in contrary 

o 

dx < oo , 



then 



and 



b(x) 



h( x ) = h ^\e o b ' s)dS eL\R,dx) 
b{x) 



(/ - A*)h = 



which is contradictory to the fact that A is (R, ofe))-unique. 
We can formulate next 
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Theorem 3.2. Let b be a locally Lipschitz continuous function on R such that for some 
c < G R, &l(-oo,c ] ^l^.+oo) ^eej> a constant sign (non-zero). Then (A,C^ 
is (L°° (R, cftc) , C L 1 )) -unique if and only if 

CO +00 

/ bh dx = I lF[7) dx = +°°' 



00 cat 

OO T 1 



Proof. Sufficiency. Suppose in contrary that (.A, Cg°(R)) is not (R, dx) , C (L°°, L 
unique. Then there is a function h E L X (R, dx), h ^ such that 

(7 - A*) h = 

in the sense of distributions. Then bh is absolutely continuous over R. 
Because 61(_ OO;C0 ] and &l[ Cjv ,+oo) keep a constant sign, we may suppose that 

{xGR| b(x) = 0} = {xi < x 2 < ... < x N } C [co, cat]. 

Step 1. Let x E h = (x fe , Xk+i) and Cfc E h, k E {1, 2, ...,N— 1}. Since ft, is absolutely 
continuous over J fc , we have 

a; 

6(a:) 

Because ft 7^ in we have 

• if > for all x E h, then 

I Hi) ds 

lim b(x)h(x) = b{ck)h{ck)e Xk not exist 

• if b(x) < for all x E Ik, then 

— J jjty (is 

lim b(x)h(x) = b(c k )h(ck)e Cfe not exist 
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But all this are in contradiction with ours suppositions. 
Step 2. Let x G (x N , oo). Then 

x 

h(x) = h(c N )^-^e c " 
b(x) 



where we deduce that 

+00 +00 



h(x) dx = h{cN)b{cN) J 



b(x) 

x N x N 



1 - f M^T d.S 

I J b(s) 

e N dx. 



Let 



u(x) = |-L ds . 

Because /i(cjv) 7^ 0, we have 

• if b(x) < over (xjy, +00), then -u(+oo) = —00 and 

00 «(oo) 

y = h{cN)b{cN) J e~ u du = 00 or 

^jv u(xn) 

• if > for all x G (xjv, 00), then 



lim b(x)h(x) = /i(c J v)6(cjv)e a:jv = 00 or 



All this are again in contradiction with ours suppositions. 

Step 3. The case where x G (— 00, xi) can be trated like the Step 2 

Neccesity. Suppose in contrary that one of 

CO +OO 

b-(x) 



Cjv 
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is finite. We work only in the case where 




dx < oo 



and the other case can be treated in the same way. Define 




x > Xn 



X < Xn 



We have —(bh)' = h on (—00, xn) and (x N ,oo). Since 



ds 



x\x N 



lim b(x)h(x) = &(c/v)e : 



= 0, 



the function h is again a solution of —(bh)' = h in the sense of distribution, which is 

in contradiction with the fact that A is (L°° (R, ofe))-unique. ■ 

In the multidimensional case d > 2, the main result of this section is 

Theorem 3.3. Let b : R d ^ R d be a function of the class C 1 ^) such that b(x) ^ 
for all \x\ > R. Suppose that there is a locally bounded function f3 : M, + — > R such that 



then (A,C%°(R d )) is [L°° (lR d , dx) , C (L°°, L 1 )) -unique. In particular, for all h G 
L 1 (M. d , dx), the mass transport equation 

(d t p(t,x) = —div(bp(t,x)) 
p(0, x) = h(x) 




If 



00 




R 
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Proof. For all x G M. d , consider (X t (x))o<t< e , where e is the explosion time, the 
solution of the equation 

| d -¥ = m) 

\ X(0) = x 

Then the family {Pt}t>o, 

P t (x) = f(X t (x)) 

is a Co-semigroup on L°°{R d , dx) with respect to the topology C(L°°, L l ). 

Step 1. We first prove that if / G Cq, the there exists {f n ) n &i C C£°(M. d ) such that 

f n ^f and A/n -> .A/ in the topology C(L°°, L 1 ). 

Indeed, let suppf C B(0,N). Then by convolution method, there exists (/ n )neN £ 
C °°(R d ) such that supp f n C 5(0, iV + 1), for all n > 1, /„ -»• / and V/„ -> V/ 
uniformely over M. d . Thus 

6V/ n -> 6V/ 

uniformely over R d . 

Step 2. It remains to prove that Cq is a core for A. To that purpose, by [W Z'06[ 
Lemma 2.4, p. 572], it is enough to show that 



or, equivalently, to establish 



Consider 



and 



P t C\ C C\ 



lim |X t (x)| = oo. 

|x[— km 



T n = inf{t | \X t \ = n} 
^ = lim r n = e. 

n— >oo 
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For all t < t r A T^, we have 



d\X t (x)\ = X t {x) 
dt \X t (x)\ 



b(X t (x))>-P(\X t (x)\). 



Let 



X 




1 



ds. 



R 



Then we have 



TM\X t (x)\) 



1 X t (x) 



b(X t (x)) > -1 



(3(\X t (x)\)\X t (x)\ 



where it follows that 



h(\X t (x)\)>h(\x\)-t 



Consequently 



lim \X t (x) 



= oo 



where we deduce that (A, C£°(R d )) is (L°° (R d ,dx) , C (L°°, L 1 )) -unique. ■ 
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